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Abstract. The aim of this paper is to give a new proof of the complete 
characterization of measures for which there exist a solution of the Dirichlet 
problem for the complex Monge-Ampere operator in the set of plurisubhar- 
monic functions with finite pluricomplex energy. The proof uses variational 
methods. 



Throughout this note let ft C C™, n > 1, be a bounded, connected, open, and 
hyperconvex set. By So we denote the family of all bounded plurisubharmonic 
functions <p defined on f2 such that 



where (dd c ■ ) is the complex Monge-Ampere operator. Next let £ p , p > 0, denote 
the family of plurisubharmonic functions u defined on Q such that there exists a 
decreasing sequence {uj}, uj S So, that converges pointwise to u on Q, as j tends 
to +00, and 



If u G £ p , then e p (u) < 00 ([10, 14J). It should be noted that it follows from [TU] 
that the complex Monge-Ampere operator is well-defined on £ p . It is not only 
within pluripotential theory these cones have been proven useful, but also as a 
tool in dynamical systems and algebraic geometry (see e.g. [21 02]) ■ For further 
information on pluripotential theory we refer to [TBI \T§1 |2"U] . 

The purpose of this paper is to give a new proof of Theorem B below and use 
Theorem B to prove (2) implies (1) the following theorem: 

Theorem A (Dirichlet's problem). Let /1 be a non-negative Radon measure, 
then the following conditions are equivalent: 

(1) there exists a function u S 8 1 such that (dd c u) n = /i, 

(2) there exists a constant B > 0, such that 



1. Introduction 



lim tp(z) = for every £ G dfl , and 






(1.1) 



(3) the class £ 1 is contained in L 1 



(m) 
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(4) the class £\ is contained in Furthermore, for any sequence {vj} C £ 1 

such that ei(vj) < 1, there exists a subsequence {vj k } convergent in the 
L l {p) topology. 

Originally, it was proved by the second author in [10|, that the two first con- 
ditions in Theorem A are equivalent. This gives a complete characterization of 
measures for which there exist a solution of the Dirichlet problem for the complex 
Monge- Ampere operator in the class £\. 

Before we continue we need some more notation. We say that a non-negative 
Radon measure p belongs to A^i if there exists constant A such that 



Theorem B (Dirichlet's principle). Let /j, £ Mi, and u £ £\. Then the 
following assertions are equivalent 



Theorem B above gives a characterization of solutions u of the Dirichlet problem 
(dd c u) n — fx as a minimizing functions for the functional defined by the measure 
p. This theorem was first proved by Bedford and Taylor in [6j [7] for the homo- 
geneous Monge- Ampere equation in the class of locally bounded plurisubharmonic 
functions. Later Kalina proved the Dirichlet principle in [TS] under some addi- 
tional assumptions on p and u. Using that the first two conditions in Theorem A 
are equivalent, Persson |21) . proved this Dirichlet principle in £\. Here, we prove 
Theorem B without using Theorem A. 

In the process of writing this note we have not only been inspired by Bedford's 
and Taylor's, Kalina's and Persson's pioneer work, but also of the recent work by 
Berman et al. [9]. The authors would also like to express their gratitude to Robert 
Berman and Sebastien Boucksom for valuable discussions and comments on an 
earlier version of this paper. 

2. Preliminaries 

Theorem 2.1. Let p > 0, and n > 2. Then there exists a constant D(n,p) > 1, 
depending only on n and p, such that for any Uq,U\, . . . ,u n £ £ p it holds that 




+i 



holds for all u G £ \. Let the functional :£\ — > R be defined by 




(1) (dd c u) n = dfi, 

(2) J^u) = inf Mw). 




< D(n,p) epM^+^M 1 /^ • • • e p (u n )^ n+ ^ . 
Furthermore, D(n, I) = I and D{n,p) > 1 for p ^ 1. 
Proof. See Theorem 3.4 in (21] (see also [3j E3 02] ) . 



□ 
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It was proved in [3] (see also [4]) that for p ^ 1 the constant D(n,p) in Theo- 
rem [23] is strictly great than 1. For this reason we can not use similar variational 
method to prove the Dirichlet principle in the class £ p when p ^ 1. 

Lemma 2.2. For all u, v G £% we have that 

ei(u + v)^ < ei(u)™+T + ei(w)^Ti . 

Furthermore, if \x G M.\, then is convex, and if \\uj\\i — > oo, then S^iuj) — > oo. 

Proof. The first statement, triangular type inequality for e±(u) n + 1 , follows from 
Theorem 12.11 since 

ei(u + v) < ei(u)"TT ei(u + u)htt + ei(v)^ e\(u + w)^tt . 

In particular, e\{u) "+ 1 is convex and so is J^, under the assumption that /i G .Mi. 
From the definition of M.\ it follows that there exists constant A > such that 

||w||i < Aei(u)T& , for all u G £ i . 
If — > oo, then ei(iij) — >• oo, and therefore we get that 

J»{uj) = — —ei(uj) - ||i > — ^—e 1 {u j ) -Aei(uj)^ -> oo . 

This completes this proof. □ 

Lemma 2.3. Let v,u E £i(Cl), and w E £\ D C(Q). Then 

{-v){dd c u) n < f (-v)(dd c w) n . (2.1) 

Proof. Assume first that v,w G £ i n C(f2). Without loss of generality we can 
assume that Js u — w -i (~ v )(dd c w) n = 0. The measure (dd c w) n vanishes on pluripolar 
sets, and therefore we have that 

(-v)(dd c w) n = 0, 

{u—rw} 

except for at most denumerably many r. Lemma 5.4 in |10| yields that 
{~v){dd c u) n = f {-v)(dd c m&x(u,w)) n 

{w<u} J{w<u} 

(-v)(dd c ma,x(w, u)) n + / v(dd c max(w, w)) n 
n J{w>u} 

< [ {~v){dd c w) n + [ v{dd c max(u,w)) n 
Jn J {w>u} 



(-v)(dd c w) n + j (~v)(dd c w) n . 

{w<u} {u— w} 

Thus, inequality (|2.ip holds if v G £\ D C(f2). An approximation of v G £i(f2) by 
a decreasing sequence in £\ n (7(0) completes the proof (see e.g. [Ill I12| ). □ 
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Lemma 2.4. Let u,V G Si, and assume that v is continuous. For t < 0, put 

P(u + tv) — sup{w € £i : w < u + tv} . 
T/ien P{u + tv) G £ and for s < we have that 

\P(u + tv) - P(u + sv)\ < \t-s\(-v). 

Proof. For t < the function P(u + iu) is upper semicontinuous. Furthermore, 
u < P(u + tv) < u + tv, and therefore P(u + tv) G £±. For s < t < 0, we have that 

P(u + tv) < P(u + sv) , and P(u + sv) + (t - s)v < P(u + tv) . 

Thus, \P(u + tv) - P(u + sv)\<\t- s\(-v). D 

Lemma 2.5. Let u,v G £\, and assume that v is continuous. For any < k < n, 

lim / Pi - U + tv) ~ tV ~ U {dd c u) k A (dd c P(u + tv)) n - k = . (2.2) 
t/'o Jq t 

In particular 

l im ( P ( u + tv )- u ( dd c u }k A ( d(f =p( M + tv)) n - k = f v(dd c u) n . (2.3) 



Proof. Consider the function h(t) = p ( u + tv )- tv ~ u ; f or £ < 0. A straightforward 
calculation shows that h is a decreasing function, and 

P(u + to) — tv — u 

< — — — - < -v . 

t 

Hence, for fixed s < we have that 

f P(u + tv) — tv — u , , ,„ , fc , „„ i. 

lim / — (dd c uf A{dd c P(u + tv)) n k 

Jn t 

f P(u + sv) — sv — u , , ,„ . t ,.,„„, „„ t 

< lim / v ' (dd c u) k A(dd c P(u + tv)) n - h 

tSoJn s 

P(u + sv)-sv-u f 
— (dd u) n < / (-v)(dd c u) . 

Let iij. e ^ n C(fi) be a decreasing sequence that converges to u such that 
J (-v)(dd c u) n < 2 / (-u)(dcfu) n . 

{P(?i+s^) — s^<u} {P(uk+sv) — sv<u} 

We can apply Lemma |2"U1 and conclude that 



(-v)(d(ftt) n 

{P(ufr-\-sv) — sv<u} 

< J (-v)(dd c (P(u k + sv) - sv)) n < -sM ->0, ass^O. 

{P(Ufc+Slj) — SU<U fc } 

Here M is a constant only depending on n, \\v\\, and J n v(dd c (u + v)) n . We have 
used that 

J (dd c (P(u k + sv))) n =0. 

{P(Ufe+Stl)<« fc +Sl>} 
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This is a consequence of Corollary 9.2 in [8]. The equality (|2.3p is an consequence 
of the equality (|2.2II . The proof is complete. □ 



Lemma 2.6. Let u,v G £±, and assume that v is continuous. Fort > 0, we set 
f(t) = [ -(« + tv){dd c (u + tv)) n = ei(« + to) . 

TTien 

/'(0+) = (n + l) / (-u)(dcf<. 
Jn 

Proof. This is an immediate consequence of the construction. □ 
Lemma 2.7. Le£ u,v € £\, and assume that v is continuous. For t < 0, we set 
f(t)= { (-P(u + tv))(dd c P(u + tv)) n = e 1 {P{u + tv)). 



Then 

/'(Q-) = (n + l) / (-«)(dd c u )+ 
Jn 

Proof. Note that 

-( f (-P(u + tv))(dd c P(u + tv)) n - f {-u)(dd c uY 
t \Jn Jn 

= V / "~ P(u + to) (d t fu)* A (dd c P( W + to))"- fc , 

and Lemma 12.51 completes the proof. □ 
Corollary 2.8. Let u,v G E\, and assume that v is continuous. Then it holds that 

J f ,(P(u + tv))'(0-)= (— !— / {-P(u + tv)){dd c P(u + tv)) n 



n 



n + 1 

+ [ P{u + tv)dfj, \ (CT) > / (-v)(dd c u) n + I vdfi. 
Jn J Jn Jn 

Proof. The existence of J/ r Al (P(u + tv))'(0~) follows from Lemma \'2.7\ and the fact 
that the function t — > - p ("+*'»)~ M j s decreasing. For t < 



t Jn t _ 

and the proof is finished by Lemma 12.71 □ 

3. Proof of the Theorem B 

Proof. Let fi G Mi, and u G £\. 

(1) =>■ (2): Assume that (dd c u) n = dfi, and let v G Z\. Then by Theorem l2~T] 
and Young's inequality we get that 

(—v)du = [ (~v)(dd c u) n < eiOv)^ eUu)^ < — — reUv) H T ^—e 1 (u) . 

Jn n+1 n+1 

Hence 

1 f n 

Jn{v) = — — et(v) + / vdfi > — ex(u) = J^u) . 

n+1 Jo n + 1 
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Thus, Jfi(u) = inf„, e£l J M (w). 

(2) (1): Let u G E\ be such that J^{u) = inf^gfj J^w). Take an arbitrary 
function u in £i fl C(n), and define 

5 (t) = ^— / (-P(u + tv)){dd c P(u + tv)) n + [ P(u + tv)d^,t<0 

and g(t) = J^(u + tv) for t > 0. Since, by assumption, for all t, g(0) < <?(£), it 
follows that > g'(0 ), and g'{0 + ) > 0. The existence of g'(0+) and s'(0 - ) follows 
from Lemma l2~6l and Corollarv l2. 81 respectively. The last inequality and Lemma [2761 
gives us that 

/ (-v)(dd c u) n + [ vdfi>0, 
Jn Jn 

and therefore it follows from Corollarv l2.8l that (/(CP) = 0, and 

0= f (-v){dd c u) n + [ vdfi. 
Jn Jn 

Thus, 

[ vd/i= [ v(dd c u) n . 
Jn Jn 

Since v was arbitrary, we conclude, by Lemma 3.1 in that (dd c u) n — dfx. □ 

Remark. The uniqueness of the solution for the equation (dd c u) n — dfi follows from 
the comparison principle (see e.g. [T| I10|). Using Lemma l2.2| uniqueness in E\ can 
be obtained in the following way. 

Proposition 3.1. For any fj, £ A4i there exists at most one function u £ £\ for 
which the functional achieves its injimum on E\. In other words, there exists at 
most one solution u G E\ for the complex Monge- Ampere equation (dd c u) n = /i. 

Proof. Let S denotes the set of solutions of the Dirichlet problem for the measure 
/i. Then we know by Lemma 12.21 that S is a convex set. Assume that there exist 
functions u,v G S. Then also tu + (1 — t)v G S, for < t < 1. We also have that 
for any 1 < k < n, and all ip G £q, it holds that 

/ (-^)(dd c u) k A (dd c v) n - k <( f (~^)(dd c u) n ) " ( f (-v)(dd c v) 
Jn \Jn J \Jn 

< / (-<p)dfi. 
Jn 

This implies that for all 1 < k < n we have that 

{~(p)(dd c u) k A (dd c v) n - k = (-<p)dp , (3.1) 

since otherwise we would have that tu + (1 — t)v &" S. From (|3.ip it follows that 

{dd c u) k A (dd c v) n - k = dp . 

Now we can use an argument from the proof of Theorem 3.15 in |13| to prove 
that u = v. By |12j . there exists a strictly plurisubharmonic exhaustion function 
ip G £q n C°°(Q) for fl. It is enough to show that 

/ d(u - v) A d c (u — v) A (dd^) 71 - 1 = 0. 
Jn 
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0= f d(u — v) A d c (u — v) A (dd c u) a A (dd c v) b A dd c ip, 
Jn 



for a + b = n — 2. 
Assume that 



= f d(u - v) A d c (u - v) A (dd c u) a A (dd c v) b A (dd c iP) p , 
Jn 

for a + b = n — 1 — p. Then, for a + b = n — 2 — p we have 

0< / d{u-v) Ad c (u-v) A {dd c u) a A (dd c v) b A {dd c ip) p+1 
Jn 

= f -{u - v)dd c (u — v) A (dd c u) a A (dd c v) b A (dd c iP) p+1 
Jn 

= f -tP(dd c (u - v)f A (dd c u) a A (dd c v) b A {dd c ip) p 
Jn 

= [ di>Ad c (u-v) Add c (u-v) A(dd c u) a A{dd c v) h A{dd c tpf 
Jn 



< 



dip A d c (u — v) A dd c u A {dd c u) a A (dd c v) b A {dd c ip) p 



dtp A d c {u — v) A dd c v A (dd c u) a A (dd c v) b A {dd c ^) p 



<yj dip A d c ip A (dd c u) a+1 A (dd c v) b A {dd c ip) p x 

[ d{u — v) A d c (u — v) A {dd c u) a+1 A (dd c v) b A (dd c tp) p 
Jn 



( In 



+ \ dip A d c ip A (dd c u) a A (dd c v) b+L A (dd c ip) p x 
In 



X J d(u - v) A d c (u - v) A (dd c u) a A (dd c v) b+i A (dd c ip) p I =0. 



□ 



4. Proof of Theorem A 

We begin with a lemma. 

Lemma 4.1. Let n be a non-negative Radon measure such that /Li(f2) < +oo. If 
there exists a constant A > such that 



(-(p) 2 d[i < Aei((p) "+ 1 for all ip £ £ i , 



(4.1) 



then jU £ Mi- Furthermore, for any sequence {vj} C £\ such that ei(vj) < 1, there 
exists a subsequence {vj k } convergent in the L 1 ^) topology. Finally, there exists a 
uniquely determined function u £ £\, with (dd c u) n — fi. 



cS 
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Proof. Assume that /i is a non-negative Radon measure with jii(fi) < +00, and take 
a function (p E £±. Then it follows from inequality (|4.1I1 that there exists a constant 
A > such that 

{-if)dpL< (j \-(p) a dfi\ ' ^{Vt) 1 ' 2 < A 1 l 2 e 1 { V )^Ti ^{n) 1 ' 2 

= Cei((p)^ < +00 , where C = A 1/2 ^(9) 1/2 (4.2) 

Thus, £ x C L x (/i). 

Assume now that {i^} C £ 1 is a sequence such that 

sup ei(uj) < 1 . 

We can then pick a subsequence, again denoted by Vj, convergent as distributions 
to v £ £ 1 and such that sequence {vj dfj,} is weakly convergent to some measure v. 
Then we have that by inequality (|4.1[) that there exists a constant A > such that 

{-vj) 2 dfi < Aex(vj)^ < A. 

Thus, Vj € L 2 (/i). Therefore, there exists a finite convex combination of Vj, de- 
note this by Wj, such that {vjj} C £1 converges to some function w 6 L 2 (/i). 
Furthermore, = u>c?/i. But is weakly convergent w.r.t. Lebesgue mea- 

sure to (lim sup u,)*, and therefore is {vjj} is weak convergent to (lim sup w,)* = 
(lim sup Uj)*. Hence, w = (limsupu,*)*. 

To complete the proof of the lemma, we show that then there exists a minimizer. 
So by Theorem B there exists a function u £ £\ such that (dd c u) n = \x. Let {«•/} 
be a sequence in £ 1 such that lim J _ i . 00 J^(uj) = \ni w ^e 1 J^w). Using Lemma |2~21 
together with what we just have proved, we can pick a subsequence again denoted 
by {uj} and u <E £\ such that 



/ \uj — u\dfi — > as j — >• 00 . 

Jf2 



Set Ufe = (sup J>fe Uj)*, where (w)* denotes the upper semicontinuous regularization 
of w. Then it follows that Vk > Uk, which implies that ei(vk) < e\{uk) (see e.g. |10) 
or Lemma 6.1 in [1]). Thus, Vk G £1. The decreasing sequence converges to 
it, as j — > co, and e\(vk) — > ei(it), as fc — >• 00. The monotone convergence theorem 
implies that J„ Vkdfj, —¥ itd^t. Therefore, we have that 

ei(it) = lim ei(vj) = liminf e.\{Vj) < liminf e\{uj) . 

j—too j—>oo 

Hence, 

liminf Ju(uj) = liminf e\(uj) + lim / Ujd/j > e±(u) — \\u\\i — <7u(u) . 

j-too J-»oo j^fOC Jq 

Thus u is a minimizer which completes the proof of the lemma. □ 

Proof of Theorem A. (1) =>■ (2) Assume that there exists a function u £ £\ such 
that (dd c u) n — fi, and take ip G £ ±. Then by Theorem 12. II it follows that 

{-(p)dpi= I (-ip)(dd c u) n < ei{tp)^ei(u)^ . 



Hence, (2) holds with B = ei(u)^. 
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(3) => (2) Assume that condition (2) is not satisfied, then for all j there exists 
Uj € Si such that 



m 

Without loss of generality we can assume that e\(uj) = 1. Let vj = Ya=i 
then by Lemma [2~2l 

3 1 3 1 

i=i i=i 
which implies that u = ~k u i e ^ n * ne other hand 

so v ^ This ends the proof. 

(2) => (1) We follow here the proof of Theorem 5.1 in [TUj. Assume that fi is a 
non-negative Radon measure such that holds. Assume first that /i is supported 
by a compact set i"T (e f2, and let Hk denote the relative extremal function for K. 
Set 

M = > : suppf C K, J {-Lp) 2 dv < Cex(ip)^ for all ip e Z\> 

where C > 2e\(h,K) "+ 1 is a fixed constant. For a compact set L C K we have that 

hie < Iil, and ei(/i L ) < ei(h K ) ■ 
Therefore, it follows that 

(-<p) 2 (dd c h L ) n < 2\\h L \\ f (-<p)(dd c <p) A {dd c h L ) n ~ x 

< 2 U^){dd c V ) n ^ " +1 ^(-h L )(dd c h L ) n ^j " +1 

< Cei(ip)^ for all ip e £\ ■ 

Hence, for every compact set L C K we have that (dd c hL,) n G A4. 
Fix uq € M. and define 

Ml = \ v > : z/(fi) = 1, suppi/ C if, 



J^-cpfdu <(r^ + ^7^)) ei(<p)»+i for all <p e ^ 



where T = sup-{V(f2) : v G A4}. Then we have for ^ e A^f that 

a (T - + < f { _ v?dyo T - ,(0) + 1 , { _^ )2dv 
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Hence, 

(T-i/(n))^ + wb(f2)i/) 



G M' for all v £ M . 



Tv (Sl) 

Thus, M is a convex and weak*-compact set of probability measures. Then it 
follows from [22] that there exist a function / £ L 1 ^) and a measure v £ 7W' such 
that fi — f dv + v s , where v s is orthogonal to M! , Note that since (dd c hL) n £ A4, 
then all measures orthogonal to M 1 must be supported on pluripolar sets. Therefore 
v s = 0, since fi vanishes on pluripolar sets. Note also that by Lemma |4.1[ we know 
that for fi £ M' there exists a uniquely determined function u £ £\ such that 
(dd c u) n = fl. 

Set fij — min(/, j)dv. Since v satisfies inequality (|4.1|l . then so do fij. Therefore 
there a unique Uj £ Z\ with (dd c Uj) n = dfij. Since fij (SI) < +oo, we can use 
Theorem 4.5 in |10j to see that {v,j} is a decreasing sequence that converges to a 
function u £ E\ with (dd c u) n = ft. 

Finally, if /i only satisfy let {Kj} be an increasing sequence compact subsets 
of SI with union equal to SI and set fij — xk dfi. We can complete the proof as 
above. 

(1) => (4) Assume that there exists a function u £ £i such that (dd c u) n — fi. Let 
{fj} C £i be a sequence with ei(i^) < 1, and {v'j} converges as distributions and 
select a weak*-convergent subsequence of {v'^dfi} denoted by {vjdfi}, converging to 
dv for some measure v < 0. Let ip £ C^°(Sl), < ip < 1, then ip(dd c u) n < (dd c u) n . 
Hence, the measure ijj(dd c u) n satisfies condition (2), and therefore also (1). Thus, 
there exists a function ip £ E\ such that (dd c ip) n = ip(dd c u) n and from the proof of 
(2) implies (1) it follows that u < (p. This, together with Theorem 12.11 yields that 

(-Vj)Tpd(i - f (-Vj)(dd c <p) n < ei^-)^ 1 ( I (-V)(dd c ip) n ) " +1 

< ei ( Vj )^ (^Jj~u)i;(dd c uy i y +1 = ei (vj)*TT fj^-u^dfi^ . 

This means that dv is absolutely continuous w.r.t. dfi, and therefore there exists a 
function / £ L l {p), / < 0, such that dv = fdfi. Let now V £ i°°(O),0 < V < 1- 
By a similar argument as above, 



tpf d/i = lim / ipVj dfi (4-3) 
n j^+oo J n 

(Choose %j} E £ C^°(Sl) so that J \ijj — ip £ \(—f — u)dfi < e and continue as above.) 

Hence, there exist finite convex combinations of Vj , denoted by Wj , that converges 
to / in Therefore there exists a subsequence {vjj k } of {wj} that converges 

to / a.e. [fi\. From now on we shall use the notation {wj} instead of {wj k }. 
Set v = linij^+oo (sup fc>:( Vk) , then it follows from Fatou's lemma that / < v. 
Furthermore, we get that limj_). +00 (sup fe>J ,Wk) — v since {v'j}, {Vj} and {wj} 
converges to the same limit as distributions, v £ S i, and 



/ vdfi — / lim sup Wk dfi — I lim sup Wk dfi — / fdfi . 
In ' Jn j^+oo \ k>j I Jn i^>+°° \ k>j I Jn 
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Thus, v = f = lirrij^+oo (sup fe>J - v' k ) a.e. \p] and it follows from (|4.3I) that 

lim / Vjdfx — j v dfj, . 
3^°° Jn Jn 

Then 

/ \v4 — v\du < / maxiij. — Vj I da + / 
Jn Jn \ k >J J Jn V 

But I\ converges to 0, as j — > oo, since 

lim / max Vk d\i = lim / Vj dfj, , 
and I2 converges to by the monotone convergence theorem. Thus, 



max — v \ da = I\ + io 

k>j J 



lim / \vj — v\dfi = , 
Jn 

i.e. converges to v in Thus, every subsequence of {1^} contains a sub- 

sequence that converges to v = / = limj_i. +00 (sup fc>J - 1?^.) in This ends the 

proof of Theorem A. □ 
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